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THEORETICAL STUDY OF VARIOUS AIRPLANE MOTIONS
AFTER INITIAL DISTURBANCE*

By Fr. Haus
I. INTRODUCTION

The study of the dynamic stability of airplanes by
the method of small motions involves the determination of
oscillatory and aperiodic motions. There are a great
number of well-established methods that permit us to cal-
culate the periods and the damping factors of these mo-
tions but which do not, in general, give any indication of
the amplitudes of the motions set up. We shall in the
present vaper, with the aid of a number of numerical ex-
amples, attempt %o clarify the phenomena arising after a
series of typical initial disturbances. It will be found
that the results of thesc calculations contribute to an
understanding of the mechanism of the motions which are
set up, and it is our belief that the publication of these
results, although limited to particular cases, will facil-
itate the study of the motiong and flight paths. In what
follows, we shall strictly separate the study of the lon-
gitudinal from that of the lateral motions and shall not
congider the complete theory.

NOTATION

.The OX, 0Y, and 0Z axes will be assumed fixed on the
airplanc (flg. 1). The projections of the velocity on the
axes will be denoted by wu, v, and w, recspectively. They
define the angles of attack i, and of yaw J, these two
angles fixing the position of the airplane on its path.
When the components v and w are small with respect to
u, we may write:

. W . v
1—"'5 J—+E

*"Etude théorique de quelgues trajectoires d'avions apres
bperturbation initiale.". Bulletin du Service Tech-
nigue de L'Aéronautique, No, 17, June 1937,
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and have, noreover, the relation

V=,/u2 +. v + w8 = u.

The projections of the instantaneous rotational veloc—
ity Q on the three axes are p, q, T, constituting the
rolling, pitching, and yawing angular velocities. The
rolling is positive if it tends to lower the right wing
and raise the left; the pitching is positive if it tends
t0o nose the airplane down, while the yawing is positive if
it tends to turn the airplane toward the left. The con-
trols corresponding to these rotations are, respectively,
the ailerons, elevator, and rudder, their deflections «,
B, Y ©being positive when they tend to turn the airplane
in the positive sense of the rotations..

The position of the system of axes OXYZ fixed to -
the airplane, will be determined as a function of a system
of spatially fixed axes 0X,Y,%2, by means of the three

angular -displacements defined in figure 2. The deriva-~
tives of these angles

& _ o
dt

a8 _ ¢
dt

av
at

It
R

are connected with the angular velocities p, q, r by the
geometric relations

o' cos & - V' cos @ sin B

_'p:
g =8" + ¥' sin @
T = @' sin 8 + V' cos @ cos ©
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Il. LONGITUDINAL UOTION

Method Used

The equations of motion referred to axes flxed to the
airplane are, for nonuniform flight (fig. 3)*

T+x+Psin6_='£(—+qw }
Z -~ P cog @ =E —— - qu) & (1)
. -
H+Ts :2:—’“ v
g a4t
/
to which should be added the relation
ae
1= &t
The equations may be written:
du N
— = f » ’ ’
it 1 (v, w, a, 6)
%%=fa (11, w, Q. a)
> (11)
49 . 2 (u, w, 6)
dt"s q,
a8 .
m = £ (u, w, q, 6)

/

_ At the instant t,, 1let the values satisfylng the
system be Uy, Wo, Go» O, ~and let us- give’ the: airplane
an initlal disturbance, so that at the instant &, + 8%
the verlcbles have the values wug + 8u, wg + 8w, ete.

We may replace the four variadbles by their increments 8u,
8w, 8q, 80 with respect to tholr initial valuese. Thils

* In tho section on longitudinal motion, r denotss tho
radlus of gyration with respoect to OF.

-
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substitution, if the lncrementsg - are gssumed to be small,
makes 1t posslible to linearize the systen of differential
equations. We thus obtaln:: .

d(su) of, af, ar 3, )
= —> —23 —L + —&
at 3w Sty STt tat g5 86
d(sw)  afy of af af
— = 38 —-a ——8 4+ —2
1% 3u su + 3w 8w + 34 6q 38 86
(2a) (III)
a(sq dfs 3f; af. af
= - —. 4+ —2
at ou su + ow Bw *+ oq 8a 06 88
a(se) of af af af,
2 - Lla il § —4 go 4+ —4
1t -y §u + - 8w + 3a 8q 30 86

In thls new system the disturbances 6&u, 8w, 8q, 860
are the varlables and the partlal derivatlves are con-
stants whose values are determined by the 1lnitlal condi-
tlong. This system is linear and readily integrated,
Yielding tho variables 6&u, 8w, 8q, 606 as functions of
the time after an inltial disturbance. The integrated
syeten is of tho form:

\
u = Glexlt + Gae;‘at + Gacz‘at + G‘eMt
sw = llclexlt + 130397‘9t + Iscaex?t + 14G4ex4t >(IV)
8q = n,_GleAIt + maGaeABt + m30597‘3t + m4G4e7‘4t
86 = nlolexlt + nacaexﬂt + n:,,(iz-,e}‘:!'l= + n404ex4t

In the above system the four values 5f A are the solutions
of the characterlstic equation of the systent

.a_f.l_ - A ___Laf _a_f_.l. .--—-af"

ou ow dq QB

oy ofs _, 3 9ty

ou ow oq o0 = 0 (V)
of; ofy o 2 2

ou - dw dq 36

3t 3ty M . M,

ou w aa o6
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Tho groups of coefficlents 1limyn,, Ulgmyng, ete.,
will be obtalned in accordance with the method of Lagrangse,

b "by means 6f any tlree of the four equationeg of system (VI),
% ;nto vhich are successively introduced the four values of
E‘- :
N of. of of af
. uins SN —t e 95 =
i 3u L S 3w + n 3a +n 35 o]
h
3 _a_f_g_ + 1 ofy - A) +n ofg n _a_fl =0
: au w oq 26
. (VvI)
¥ 3ty +1 9% +n (- #)-+ L3 = 0
ou ow Ndgq 1)
‘ of, of. of. af )
Sa 4 Oty Oty -
X +'Law +:naq +n(ae A 0

and the constants of integration O0,, Cg, O, and O, the
latter devending on the initlial condltions chosen.

The characteristic esquation (V) 1s generally written:
Mo+ AN + AN+ A\ + A, =0 (VII)

This equation, in general, possesses imaginary roots. If
the four roots AN are imaglnary

A.
Al

o £ bl

a! = b'i

equations (IV) may be written:

8u = etbp ain (bt + @,) + ea'tp ! sin (D't + o, 1)

8w = e8bp_  gin (bt + @_ ) + e2'6p_1t gin (b's + @ 1)
Pa_ a Pa a (v III)
8q = eatp3 sin (bt + ¢3) + ea'tps' sin (b't + @, ') '
- NPT cm g
86 = ea%p sin (bt + @ ) + e8'tp ! ain (D't + @, ')

In the above form they permit us easlly to follow the dif-
ferent disturbances which the alrplane undergoes.
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When the four roots of the characterietic equation
are lmagilnary, the motion of the airplane conslists of tho
suporposlition of two osclllatory motions. In each of
thoso p represents the maximum possible amplitude,

sin (bt + ) determines the sinusoidal form, @ Dbeing
the phaso shift, and b a value such that the periocd T =
2n/b, oY (equals 1 for t = 0) represents the damping.

Ve then proceed as follows:

l, EKnowlng the characteristics of the alrplane gtud-
ied, we deternine 1ts characteristlc equation (V) and ob-
tain the roots A. ZFron thesg roots we can flnd the period
T and the damping factor e2%. These characteristics de—
pend on the alrplane and not on the initial disturbance
congldered.

2. We next determine by equatione (VI) the groups of
factors 1, m, n, these factors being similarly indevend-
oent of the initlal digturbance considered. When the roots
A are conjugate imaginary the factors 1, n, n will also
be conJugatc inaglnary and we nay write:

1, o + Bi ny =Y+ 81 n, = € + ot

7:8=0'.-'Bi m8=y"'81 n8=¢-¢i

3« Ve now introduce the initial conditions of the mo=
tion, that 1s, the dlsturbance considered. The latter 1e
expresged br a real value of ono or several of the varlables
8u, 8w, 8§q, 86, and from 1t we may determine the constants
of Integratlion, which are conJugate inaginaries:

C, = 4 + Bi Oy = A' + B

Cg = A - Bi Cag = A!' - B'1
The quantity C,eM?bt = Ojedat will assume the follow-
ing forms:

C,eMtb+0z0Mat = g, e(atdi)t 4 Cge(a-b1)t

= et [0, fcos bt+1i sin bt)+Cg(cos bt-1 sin ot)]
= e3% [(0;+05) cos bt + 1(C;-Cgz) ein bt]

= 8% [2 cos 4 bt - 2B sin bt]

= o8t P, [sin @ cos bt + coe @, sln bt]

= e8% p, sin (Bt + o,)
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with
P, = 2 m—i"
sin P, = %A
1
cos @, = "Tfé

Sinmilarly, the part of the root 1.101&‘:? + 190897‘91;
willl assume the following forms: )

o2 [(1,0, + 1,0,) cos bt + 1 (1,0 = 1,0,) sin bt]
oot [(2A a - 2B B) cos bt - (2A B + 2B «) ein bt]
o2t p, sin (bt + o).

with

Py 2 v/““ - 28)® + (AB + Ba)®

oin @ = 2 (Ao - BB)

Fe

- 2 (AP + Ba) -

fa

cos @, =

We may note that pa

p =2 J A+ _33) (a® + B®)

mey be written:

Ve see that the valuos of the amplitudes p and of
the phasc displacoments ¢ depond on the "initial condi-’

tlons. For the same oscillation the ratios p,/p,» Py3/P»
Po/P, are, however, indopendent of the imitial disturbance
and dopond only on the chara.ctor_istica of the alrplano.
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AIBRPLANES STUDIED

Ve shall study a serles of alrplanes differing only

in the coefflclent of static stability acu/ai. If 1
may be taken equal to - X the derlvatives with respect

to w

vl
flguring in the calculatlons are merely the derlva-

tives with respect to the angle of attack 1 multiplied

by

%. We have shown elsewhere that the longitudinal

motion of an alrplane 1s sufficlently determined by: five
geometrlc characteristics; seven aerodynamic characterls-
tlecs; o characteristic depending on the engine propeller
unit; and a characteristic depending on the welght. In
our example, we hanve assumed the followlng values for
theso elemonts:

l. Goometric charactoristicso:

1 = 2,3 meters

r = 1.3 "
a8 =0

r - L
] m 5

1! and S! being the lover arm and the area of the horizon-
tall surface, respectively.

2, Aerodynamic characteristics:

The quantities €, and - G, are the coefficlents of

the merodynamic forces 1ln thoe diroctions of the
axes fixed to the wing.

The angle of attack 1 of the state considered 1s O
cz = 0040-

Hinipum drng-lift ratio at this angle of attack:
B = 0l125I

dCx ac
= . . ——-z = e .
31 0.006; i1 0.065




NeAoO.A, Technical Memorsndum Ro. 867 ‘9

The damping of the pitching oscillations will be char-
actorizod by a coefficiont which we shall write in the

dao?

form EIT‘ as 1f the ontire damping were produced by the

action of tho horizontal tall surfacoe. In the abovo ex—
presslon Of; would be the 1ift coefficiont of the tall,

1! tho roal anglo of attack of tho tail. '

A a matter of fact, we shall take a numerical value
somevhat larger than that corresponding to the derivatlve
of the 1ift of the tall in grder to take account of the
damping introduced by the parts of the alrplane other thon
the horizontal tall gurface. We shall teke:

!
EE—I = 0,066

a1t

Finally, we shall toke

dac
J:u *
dl

the coofficieﬁt of statlc stabllity, as the variable oele-~
ment 1n the oxemple.

As the variations of the static stability mgy be ob-
tained by a simple displacement of thoe conter of gravity
wlthout varying the tall surface, we may assume it to be
Posslble to vary p without varying the other charactor-
istics,.

3. IElement characterizing the engine—prbpeller unit,

Wo write:

4T _ . pn d
av v
€iving, h the éﬁlue 0.b.
4, ZIXlement ocharacterizing the welght of the airplane.

Tho wolght per square meter will bo taken as oqual to
40 kilograms. From these data the resunlt follows immedi-
ately that the speed of the airplane under the conditions
consldcered 18 40 moters per second (90 miles per hour).
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The abovo elements permit ue to determine the charace
teristlc biquadratic equation in A%,

CALCULATED OSCILLATIONS

The equation was solved for eight values of W. The
roots are given in the followlng table, the coefficlent of
static stabllity being evaluated by taking degrees for the
unlt angle.

-

Values of A

Values [~—
of p Short-period Long-period
. osclllation osclllation

K = 0,008 A = =3.756 £3,024 A = =0,0408 +0,2381
p = 0,006 A= =3,75 £2,51 A = «=0.0412 +0,2131
b = 0,004 A = =3,74 11,861‘ A= -0,0437 20,191
B = 0,002 A = =2,73 +0,9281 A= -0.0608 £0.1411
b = 0,001 | A = -1,58 A = ~2.86 A= «-0,066 £0,0921
p = 0,0 A = =5,18 A = 2,255 = «=0,1275 A=0
b = 0,001} A = =5,6 A = ~1,8 A= =0,2307 A = +0,075
Bp = =0,002|A = =5,97 A\ = ~1.,4556 |[A= -0.2895 A= +0.127

The notion studied is stadble when the roots are nega-
tive or when, 1f imaglnary, their real parts are negative.

The Tactor 2% or oAt approaches, in thls case, zero
as t Ilncreasos.

The time after whildh the factor e3% attalns the
value % is gilven Dby:

TThen the coefficlient of statlc stability has a suf-
flclently large value the characteristic equation defines
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1n genoerel two very different types of oscillation. One
osclllatlion 1s of short period and ie very damped; the sec-
ond has o long period and is less damped. As the statlo
stabllity decreases the motion ceases to be oscillatory.

In the example given, the rapid osclllation loses 1its char-
acter somewhat. earlier than the slow oscillation. The pe-
rlods and domping are -given in the table below.

Short-perlod Long-perlod
ogcillation oscillation
(seconds) . {seconds)
B L Th . T
0,008 2,08 0.185 26,4 17 .
¢ 006 2,61 .186 29.5 16,8
¢ 004 3.38 «185 33 15,9
2002 6.7 .186 44,5 13,6
« 001 avperiodilce 68 12,4
«00 aperiodic aperlodlc

Vhen p = 0, the two kinds of oscillations vanish, tho
roots becoming roal and ono of thom zero,

In passing to the condition of static instability the
total motlon 1s the sum of four perlodic motions, three of

"them corresponding to disturbances decreasing with time,

the fourth corresponding to a disturbance increasing with
time and indicating dynamic instability. The table of
roots shows clearly that the unstable motion corregponds
to one of the components of the slow oscillation. The
apériodlc motions which replace the rapld oscillation do
not cease to be stable within the limits of static lnota-
billity considered.

When the motions are aperiodic the equations deflining
the motlon cannot be put in the sinusoldal form VIII and
must remain in the exponential form IV.
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CHARACTER OF THE OSCILLATIONS

The character of the two types of oscillatlons 1is
well known. The rapid oscillation 1s primarily that adout
the center of gravity of the airplane, while the slow op-
cillation, on the contrary, 1s one of the path describeod
by the center of gravity in the vertical plane. The latter
type of osclllation originates 1ln the irregularitics pro-
duced by any dlsturbance of the equilibrium of the forces
applied to the alrplane, It 1s possible by approximate
methods to study each of these types of oscillatlons Iinde-
pendently.

a) Bavnid ogeillation.- In studylng tho rapid oscilla-
tiomr by the method utiliged by Munk -~ taking account of
the loss 1In altitude of the airplane -« it will bo found
that tho restoring moment 1s not proportional to dGH/di.
but %o

a0y , a0, ac'y SN gl! 1

d1 a1t div st vF C,

and the deomplng is not proportional to

a
actr, s
—_—
di? Sr 3
but to

act, s1t® g0
3

it -1
di’ T Srt di

Thls explains why, so long as the maximum 1l1ft is not
attalned, the rapld oscillation could be stable even 1f the
coefficlont of static stabdility 1s negative.

The rapld oscillation, at small angles of attack, 1s
strongly damped and the function eatp sin (bt + @), &as a

regult of the values of a and b, respectively, practi-
cally consos to have an oscillatory character. If, for
oxample?

thon
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P = %F = 4

Ti’ = g"'g"ag = 00185
fal .

vwhich moans that after about 1/20 of a period tho ampli-~
tude is rgaln affected by a factor 0.,5. In.the case where
P = % the omplitudes start out from p, Dbut deeroamso
more rapldly than according to the sinusoidel curve, the
dampod motlon belng that shown in figure 4. The alrplane
is, In fact, vory energotically dbrought back to the angle
of atteck which corresponds to a gero moment about the
contor of gravity.

The same does not apply at the large angles of attack.

At the maximum 1lift %gi = 0, nnd tosts on numerous models

show thnt dC';/dl' 1s also very small at this instant,

wheroas dGu/di, on the contrary, malntaine 1its former

value. The theory thus predicts that the rapid osclllation
nay not bo domped at the large nngles of attack.

D) Slow oselllation.- The slow oscillation may be stud-
led sevparatoly by exemining tho modifications undergone by
the poth when the veloclty is subjJoct to o dlsturbanco. It
wlll roendily be found that the flight path will be of an
oscillatory charactor. These oesclillations are necessarlly
acconpaniod by disturbances of the other varliables. Tak-
ing cccount of the fact that tho airvlane strongly responds
to the applied momonts M and of the tendenocy, through
the skhort-poriod osclllations, to assume rapidly the angle
of attack of equilidbrium, it might bo supposed that these
long—~porliod oscillatlions are offectod at & etrletly con-
stant angle of attack. This conclusion would, however, be
pPremature. The moment M 4g, in faet, a function of two
varlaebles w and q, and we may write: )

oM oM
¥ = 3w dw + 3q Qq

The rapld oscillation does not permit the continued
exlstence of moments M and therefore, dM = O. The ir-
regularity of the flight path, however, ocorresponds, to
the existence of angular pitching veloclities dg, -so that
the conditionr dM = 0 1implies the existence of disturb-
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ances of angle of attack 8w or 81 connected with 8q
by
aCy

C
ow oq

]
o

6q

We thus have:

s 1® ace a0
(- L EL g0ty ooy

¥y st di? ow
adul
=837
whence
acu
8q _ _18° 33
sw 1 g2 A
LER

This condition will only be true provided that:
1) p, and p, are in the previously given ratlo, and

2) 6q. and 8w corresponding to the short-period os-
clllation are out of phase by .

In the case of the numerical examples, we should havo$

0.002

Py
Py

0,01385 pg for the alirplane for which @

0,008

0.0352 p, "

It may bo seen from the numerical tables computed,
that this relation is practically verifled and that the
phase displacomonts are by = % 3°,

DETERLINATION OF THE MOTION AFTER INITIAL DISTURBANCE

In the goneral motion each of the elementary motlons
i1s involvod to a degreoe that depends on the nature of the
initlal disturbance. Preliminary studies on automatic
stabllizers have led us to investigate how a given inltianl
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digturbance is distributed between the two types of oscile
lations and we here ‘give the results of these computations.
The general method indicatsd above has been applied to a
sufficiently large number of particular cases. We have,
however, limited our computations, as far as longitudinal
motion 1s,concerned, to six alrplanes instead.of eight,’
eliminating the  intermediate case ® = 0.001 as well as
that for the unatabdle airplane u = - 0.002. The method
used becomes in fact easentlally inapplicable when the
disturbances are no longer small. Since certain disturb-
ances lncreoase when there 1s instability the method is at
fault ino cases of ingtability, and we have therefore.lim-
1ted ourselvees to the study of tho unstable case ph = =
0.001, vwhich leads to a less rapid increase in the dla-
turbances.

We shall examine the motlon of tho alrplanes for the
following 1nitial disturbances:

1. 1Increaso in tho anglo of attack caused by a sud-
den pitching motion.

2, Increase in tho angle of attack caused by a ver-
tlocal gust.

3. Increase in ‘the relative velocity due to a gust
acting in .the direction of the flight path.

4, Sudden engine fallurs.

In a general way we assume the inltial digturbance
.50 be ‘sufflclently large. It may be objected that we are
here departing from the assumptionm of small motlons. The
slze of tho disturbanece has beon chosen, however, with a
view toward obtaining variables that may readily be handled
numerically. Since all the equations are linear the inl-
tlal disturbance may be divided by an arbitrary number and
all the amplitudes will be divided by the same number.

ST

DISPLACILUENT OF THE AIRPLANE IN UNDISTURBED AIR

Suppose the alrplane has undergone a sudden disturb-
"ance digvlacing the airplane by a certein angle with re-
spect to the horizontal and the flight path. VWe shall as~
sume o displacement of 0.2 radian in a directlion to nose
the alrplane up. The airplane will then undergo a dis-
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turbence in altitude 86 = = 0,2 radlan or = 11.46%, and
a disturbance in the angle of attack 81 = + 0,2 radlan,
corresponding to 6w = = 0.2 ¥V = - 8 m/s (18 m,p.h.).

The numerical values found for -p, @, 6tc. are gilven
in table I, and the dlagram glving the dlsturdbances 8u
of the velocity u, (which may be assumed to be the same
as V), 66 of the inclination 6, and 81 of the angle
of attack 1, 1ig shown on figure 5. These curves, as
well as the figures of the numericel table, show how the
initial disturdbance affecting the angle of attack and the
attitude, is digtributed between the two oscillations.®
The airplane isg suddenly ralsed as a result of the excess
of 11ft and tends to nose down 1f stable - these two phe-
nomena decreasing the angle of attack.

The most stable airplane nosges down energetically by
the action of the rapid oscillation. After a fraction .of
a second the dlsturbance of the angle of attack 1ls prac-
ticelly arnulled by -the Joint effect of this diving ac-
tion and the vertical acceloration which turns the flight
path upward.

The strong curvature of the 86 curve corresponds to
the vanishing of the rapid oscillations. At the lnstant
when these vanlsh the alrplane is at an angle of attack
differing little from the normal angle of attack but
stalled by 6° and on a rising flight path. 4 lack of equi-
1ibrium will be felt 1n the forces and the long=perlod
ogclllation will arise from thig fact,

Tho alrplane only slightly astable likewlse noses down
through the effeet of the short-perlod osclllation dut the
action 1g less acocentuated. The flight path meanwhile
curvos upward. At the instent when the rapid oscilllation
ceegsos to bo felt, the alrplane has nosed down only 2°,
but its flight path has been raised and the airplane will
be found on a rising flight path of about 9°, the dis-
turbance in the angle of attack always remalning small.
The nonegquillbrium of the forces 1s greater than in the
preceding case, and the resulting long-period osclllation
wlll be of greater amplitude.

*on this flgure, as well as on those following, the nega-
tive values of 806 nare plotted above the x-axis so as to
facilitate reading the diagrams. Upwardly inclined mo-
tions wlll then correspond to rising curves and vlice versa.
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The loag-period oscillation 1s veory clearly brought
out by the disturbances im the veloeclty V, to which it
‘correosponds. The disturbances ‘in the angle of attack _
which accompany the long-period oscillation are groater
on o loss stable than on a very stable machine. The case
of on alrplane statlcally neutral requlres no remarks.

In the case of the estatically unstable alrplane the dlp—
turbance of angle of attack decreases at first as a result
of the upwvard curvature of the path; the latter is not
steble, hovever. The airplane enters a condition of con-
stantly increasing angle of attack, leading inevitadly to
such digturbances that the method of small motions, after
a certaln time, ceases to apply.

DISTURBANCE OF ANGULAR VELOCITY

The disturbance above considered, suddenly increasing
the angle of attack and the orientation in epace of an im-
portent angle, 1s not actually realiged in practice. It
may, of course, be imangined that a localized gust strlkes
the rear of the airplaneo, but the latter cannot instantly
attaln the final angle of attack assumed. The airplane
will pass through all intermediate angles of attack and
the effccts of oxcess 1ift and of the static stabllity
will moke themselves felt during these states.

In ordor to analysze the cape, let us imaglne that the
disturbence applied is an impulsive angular veloclty tond-
ing to turn tho nose up 8q < 0. From the diagrams of V,
6, 1, woe have found that for 8q = - 0.96 radlian por scc-
ond (which is a considerable value), the ultimato offects
of the digturbonce were tho same as those of the 1lnitial
disturbancos of attitude and angle of attack studled abovo.
The inmedicte effects of tho dlsturbance ovidently diffor,
The ongle of attack starts from zero and tonds to lncroase
but tho lncreanso 1s rapidly stoppoed and the loag-porilod
Phenonona are tho only ones that subsist aftor about two
soconds. It does not appear necessary to conmont any fur-
thor on the dlagrams of figure 6, constructed for the ini-
tial disturbanco 8q = = 0,96 radian.

DISTURBARCES OF THE SURROUHNDING MEDIUM

Thoe effeet of the disturbances in tho surrounding no-
diun may be studied by tho following device. Lot us ag-
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sume that the amblent alr, lnastead of being undlisturbded,

is subject to a velocity U?', having the components wu!?
and w?!. Let U of components u and w be the absolute
veloclty of the alrplane. The relative velocity may be
wrltten:

{i v = v/fu - u')a + (w = w')a

and the angle of attack as

It is always possible, in the case of & given alr-
Plane, to lanvestigate the motion corresponding to an equi~
librium of forces in an atmosphere having any absolute .
velocity whatever, since the relative volocity and the an-~
gle of attack are lndependent of the disturbance veloclty.
It 1s therefore simple to investigate the motions which
the alrnlane would assume during diasturbances of the sur-
rounding medium.

Lot R be the conditlion of the airplane for which
u!; = 0 w?!; = 0. This condltion corresponds to the val~
uos u; and w; of the absolute veloclty of the airplans.
In a disturbed atnosphere A4z for which u'; #0 wl; s 0

the alrplane, flying at the same angle of attack and same
relatlve velocity, will bve in a stete Rz characterlized
by different absolute velocltles wugp and wy determined
by us =u; + uly wyg = wy + wly. If the airplane flying
in gtate R; suddenly passes from the atmosphere A; fo
the atmosphere 45, 1t will cease to be in equilibrium,
It will not be able to maintain its state BR; and will
tend to assume state Rg. The motions of the airplane
could be calemlated by consldering the state Ry as thet
of equilibrium, and the airplane as deviating from it by

du = -u'a

fw = = wlg

Thig artifice enables us to study the offect of suddon
gusts on the alrplane.
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ASCENDING GUST

Let on anscending gust, characterized dy uly =0

wlzg = 8 m/s act suddenly on an airplane in horigzontal
flight. The state R, in the atmosphere A; assumed %o

be undisturbed, is characterixed by a system of glven vple
108 "Uuy, Wy, 8; (fig. 7). The state R; in the atmos-

Pheré Ag 1is a transitory stote and not one 6f equilibh-

rium. Tho angle of attack 1s very large (fig. 8) and the
flight path of the airplane will be modified. The air-
plane will try to adjust i1tsolf to a Aew state of equllid-
rium Rg in the atmosphere Az. It is easy to see that

thlis state will be characterizod by the same values of the
relative velocity, angle of attack, and inclination fto the
horizontal as state R,;, but the absolute veloecity TUg

will be different. The latter becomes aescending, the air-
plane belng subject to the motion of the surrounding me-~
dium (fig. 9).

We may study this transitory period by seeking the
effect of an initiel disturbance 8w = = 8 m/s (fig. 10).
The airplans will be lifted suddenly and if 1%t 1s statlcal-
ly -stable, 1t willl astart a diving motion. These two mo-
tions hove the effect of tending to close the angle in-
cluded between the directiong OX and V of the flgure, each
of these axee approaching the other.

If the airplane has great statlc stability, it will
osclllate more rapidly and the angle of attack of the
state will be regained by means of a displacement &6
larger than would be the case 1f the airplane had been less
stable. The static stabillty increases the disturbance in
the attitude 86 due to the rapid oscillation produced by
e vertlcal gust. The axls of the alrplane should, howev~-
er, in its final state, regnin 1its initlal attitude ©B. A
large static stabllity therefore results in momentarily
" removing the alrplane from its final attltude and increas-
ing the nonequilidbrium qf the forces acting on the moving
centor of gravity., This explaoine why the amplitude of the
.long~period oscillgtions will be greater on a very stable
airplone than on a leass stable one. "A meutral airplane
willl be lifted without its axis OX undergolng any change
in attltude 66. It is the U, axis which will be effec-
tive 1n destroying the disturbance of the angle of attack
81, The case of an unstable airplanc is sufficlently ex-
rlained by the figure and requires no remarks.
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HORIZONTAL GUST

By the same procedure we have calculated the effect
of a horizontal gust of 10 m/s (22 m.p,he.) acting in the
opposlto directlon to the motion of the alrplamne. The
initicl dlgturbance is an increase 6u. After the offect
of this disturbance has disappeared the alrplane regalns
1ts horizontal flight at the original angle of attack but
at o different altitude. The alrplane undergoes at first
a verticel acceleration. 1Its angle of attack therefors
decreases, and 1f it ls stable 1t noges up and then starts
the motions characteristic of the long-period osclllatlon.
Flguro 11l shows the actlon on the four stable alrplanes
consldered, on a neutral airplane, and on an unstable alr-
Plane. The disturbance of the horisontal veloclty glves
rise to disturbances in the attitude assoclated with the
slow osclllation and their effects in certaln cases be-
come far from negligible.

DISTURBANCE OF THR FLIGHT PATH

Ve shall consider the case of a dlsgturbance 80 act-
ing alone <« the velocity 7V, angle of attack 1, and an-
gular velocity q not being disturbed. Such a disturb-
ance occurs under special circumstances. It would result,
for example, from the same angular displacement of the air-
plane and 1ts flight path. The case where an initlal state
and final state are characterized by sensibly the same an-
gle of attack and same velocity 7V, ©Dut where the paths
and the orientation of the 0X axls differ by the smame
quantlity, ls one that may oceur in practice, namely, thet
of the sudden fallure of the engine. Denote the propol-
ler advance diameter ratio V/nD by Y. On some alr-
planes, whon

aT ., aM _
gﬁ+é-v—o

the sudden failure of the onglne does not change the mo-
ment about the center of gravity. When this is true the
airplane, for the same deflection of the elevator, will bde
in oquillbrium with 1ts engine cut off and on a descond-~
ing flight path over which it will travel with the same
veloclty and at the same angle of attack as on the hori-
gontal path with the engine running.



HelAoCoA. Tochnieal Homorandum No, 867 21

Tho horigontally flying airplane, subjoct to guddon
onglino follure, 1e then at an angle of nttuok and wveloclty
of oqullibrium corresponding to the now conditions, but on
o path not sufficlently desconding, and departs from lte
state of oquilidbrium by an angle which we consldor as tho
Initial disturbance 86 « 0. It is thereofore sufficiont
if wo nako the proceding calculation taking 80 as the
digturbanco.

Our figures have beon drawn for 86 = - 0,2 radlan
in order to maintain the same magnitude of initlal dis-
turbance and facilitate comparison with the preceding flg-
ures. ,Thls number does not corrospond to any astual wvalug
of tho minimum drag-11ift ratio because the lattor would bo
tan 11,4° or 0,225, +that is, a very poor drag~lift ratio.
The anplitudes rand off on the diagram should be dimin-
1shed in thls ratio if the effect of the ongine falluro 1=
truly to be taken into account. Tho dilagrem is nevorthe-
less of somo use. . It showe thnt with o nonequillbriun of
the powver ca the initinl cause the phonomenon 1s excluslvo-
ly ono of slow osclllatlon.

ANGULAR VELOCITIES AWD ACCELERATIONS

Tho procoding diangrams aro concorncd with the values
of the variadbles V "or u, 6, cnd 1 or w. Wo have not in-
dicated tho angular velocitlos, tho latter bolng obtclned
by determining the slopes of the © ecurves. It is equnlly
prossible to determine the accelerations or the ilntensity of
tho apparent welght., As regards tho sensations of the pas=—
sengers, the two most important wvariadbles are: tho incll-
nation to the horizontal ® and tho magnitudo of the ap-
paront welght J,

Thoe quantity Jg measurod by the acceleromotor, 1s
the functlon
J d8w

g =3¢ ~ 4 + g cos ]

Under normal conditions J’ ‘has tho value & and ma&'

oquully woell we called the accelorution. It cah be calcu~
latod as o function of the values &a, b, p, and @ given.in
tho tables, obsorving that
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..__df: =p o8t [a sin (bt + @p) + b cos (bt + q))] (x)
. X

+ p'a 0®'t [at gin (b1s + cp'a)+'b' cos(blt+ pr)]

It may aleso be detormined from tho 1 and V curvos.
Wo havo, in fact,

asw

B\t

- qu) = Fg - mg cos 6

whence

d 1
7%} - qu + g cos 5) = o g

and from tho angle of attack 1 and the volocity, we nay
obtaln F, as

av®

. F,:SG,EE—
whonde a
J_ = 5 21_5___

z =837 o

The socond nroceduro for detcrmining Jz 1s the more rapid
if wo are given the curves of 1 and 7V,

Tho most important accolerations are thoso assoclated
with tho short-poriod oscillation. Tho latter may bdeo
found oithor by oxamination of the oxpression (X) or of
thoe curvos of velocity and anglo of attack. In the ox-
pression (X) at the start of tho phenomonon when +t ia
very small, the first term 1s tho preponderant one since
the quantitles p, a, and b entering as factors, are
largor whoa they are relative to the rapld oscillation
than when they charactorize the slow osclllation. The dia-
grams clso show us that tho large varlation of 1 1leading
to large vnlues of O and Jg arc due to the rapid os-
clllatlons. In the long-period oscillation the angloes of
attack nnd velocitiocs V vary simultaneously. Since tho
voloclty 7V 1ncroanses whon the anglo of attack 1 deo-
crensosg, the variations 1In the acceloration aro not very
large. It is inportant to note that the acceleration do-
terminod by the procoding method, in the case of a vertl-
cal gust, corresponds to the roughest sort of calculatlon.
It is ccsunmed thet the gust is suddenly set up, that the
alrplane from the first ingtant lies entirely wlthin thils
gust, cnd that any phenomenon of elastlcity of the wings
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will not diminish or complicate the action. Numerous
-works based.on.more probable asgunptions have been pub-
lished. In g remarkable paper publighed many years ago,
E. B. Vilson assumed as the law for the set-up of the

gust, tho following expressiont
w=J (1~ Tt

Othor authors have assumed a sunusoidal law which is gen~
erally arbitrary. The latter sssumption leads inmediatoly
to rosonance phenonena 1f the period of the alrplane is
tho samo os that of tho gust. Figher, Bryan, and Jonoes
have studled the offect of sudden and gradual gusts dy
methods which have become nore and more accurate. Kussner,
in a very well-known work of his, takes into effect the
elasticlty of the wings. Since our object is to compare
the effect of different disturbances, we have not gone
into the subject in nore detaill.

EFFECT OF THE ACTION OF THE CONTROLS

The method outlined above enables us in certaln par-
ticular cases to determine how an alrplane responds to a
manipulation of the controls. Let us examine figure 13,
which glves OCy as a function of 1 and PB. Assume the
airplane to be flylng level at the angle of attack 1,
with the control deflected at angle B,, this condition
corresponding to a wvelocity V;. If the pllot glves the
control a deflection P, the point A passes to B. A4t

B the moment M 13 no longer zero and the point willl bde
diagplaced from B to O along the curve PBg. The alr-
plane willl be in rotational equilibrium about the center
of gravlity only at the angle of attack corresponding to
point OC. Let 15 Do this angle of attack, to which will
corregpond a speed TVy different from V,. We shall as-
sume that the maneuver 1s made without altering the throt-
tle and that the veloclty YV, 4is groater. than the veloc-
1ty corresponding to minimum power. Under theso condi-
tions the ussful power sufficient for making tho airplane
£f1y at the volocity V, will not be sufficient to make
the alrplane fly at velocity Vg. Tho path of the alrplane
will not boe able to remain horizontal dut will incline by
the engle {. The axis of tho airplane will bo lowered by
¢+ (1, - 1g). At the instant when the pilot in deflect-
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ing the control to Bz, passes from point A +to point B
he nay bo consldered to have departed from hils final state
C by amounts: 681 =1, - 1, 8V =V, = V5, 86 = (1, -
1) + !, where { 1s conputed from the polar of the alr-
plane and the variation of the thrust T wlth velocity.

We hove applied thig computetion to & numerlcal exam-
ple, choosing the same airplaone as above. At about the
velocity of 40 m/s (90 m.p.h.), 1t was found that states
differing from each other dy a diffeorence in wveloclty 6V =
1 n/s are dharactorlzed by a difference in angle of at-
tack of F0.308°,

Sinilarly, basing our computations on an assumed po-
lar, wo found that a varlation in volocity of %1 n/s re-
quiros that the slope of the flight path vary by ¥0.0070,
corres»onding to df{ = - 0,400°. These data were applled
by us to the numerical examplo by nmultlplying them by the
factor nocesgsary to obtain amplitudes that may easlly bo
studlied.

Congcldor, for example, the passago from the level
flight condition at welocity V = 27 m/s to a state where
V = 40 n/s by neans of o dofloction AB required to vro-
duco-a Al = - 4%, If this deflection AP is suddenly
applied, the airplane 1as doviated from 1ts firal condition
by: .

8V = = 13; 61 = + 4%; 8t = = 5.2°

Now 66 = 8t - 81, &80 that 66 = = 9,2°, onc portion of
which roprosents the change in angle of attack, and tho
other tho change in tho flight path. It sufflces to #oduco
the anplitudos of the disturbancos of figurces 10, 11, and
12 in tho dosired ratlio and add thom. Figuro 14 (continu-
ous lino) shows the rosult of this computation for tho air-
pPlanc of cooffleclent @ = 0.004. Tho diagram of the angles
of attack shows that tho final angle of attack 1s not oce-
tabllsled rapidly. Wo nay trace soparately the effect of
each of the olements of the initlial disturbance on tho vari=-
able 61 (fig. 15). The offect of tho inltial disturd-
anco In tho angle of attack decroases vory rapldly. Tho
initial dlasturbances of voloclty and attltudo, howevor, also
have an cffoct on the variable 1 - an ingufficiont voloc-
1ty tonding to incroase the angle of attack, and similarly
for o not suffliciontly descending path. Those two initial
disturboncos act on:- the long-period osclllatlon. It may bo
seon, ir the example chosen, that in spite of the rapldlty
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with which the short-period oscillation tends to bdring the
airplane to itta final-angle.of-attaeck, thé alrplane may in
certaln coses remain considerabdly deviated from its final
poeition by the effect of the components of 8i that depend
on the long-period oscillatilon.

Remarks

1, If we assume that the deflection AP has not been
instantaneously applied, but in a progressive manner (for
example, one-~third at time mero, the second third at time
0.5 specond, and the remainder at time t = 1 second), the
curve of varlation of angle of attack loses the adbrupt char-
acter which it has during the flrst second and becomes Teg-
ular with its appearance not apprecilabdly modiflied thero-
after. Thig condition corresponds to tho dash-dot curve of
flgure l4.

2 The airplane will more guickly attaln 1ts final
angle of attack if the pllot, to start the maneuver, gives
the control a greater deflection than the amount AB, which
he must maintalnm at the end of the phonomenon.

3. The computation is made on the assumption that the
pilot doee not vary the engine throttle. If the pilot 1n-
creases the power the final path will no longer be descend-
ing., The effect of such & maneuver would have to be sepa-
rately studled.

LIORE OOMPLICATED MANIPULATIONS OF THE CONTROLS

The same procedure may, of course, be applied to ana-
lyze the effect of more complicated maneuvers. Let an
initial state be cheracterized by a given velocity attltude,
angle of attack, and deflection B. For example, in the

case of the airplane congldered above, V = 27 mfs; 1 =+
40; e ="'4°- ' .

The pilot deflects bla control by AB, and.the alr-
plane starts the motions which tend %o bring it to a final
state. B. Ho applies this deflection -“B-+ AP, -however,- -
only within a limited time interval, and re-establishes the
deflection B after n seconds. At thls ingtant tho alr-
plane has not yet attained its state B bdbut 1lg in en inm-
termodinte state. Weo gee on the figure that the momentary
charactorisgtics after 7 goconds aro: V = 34,7 m/s; 1 =1°;
@ = + 13.4°; q = + 1° per gecond.
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The final gtate of equilidrium, howyever, deflned bdy
the poeition of the control, has become state A, and the
airplane deviates from it by 8V = + 7.7; 81 = - 3%;

.80 = 17,4%; 8q = + 1° per second. Taking these values as
an initial disturbance with respect to_state 4, the
changes in the varlables may be easlly determined. Tho ro-
sults of the computation are indicated as dlscontlnuous
linos on figure 1l4. The computations have been made nog-
lecting the effect of tho dlsturbance 8q, which la less
inportent than the three preceding ones,

Renmarks

1. The curve of the angle of attack drawn as a thin
dot~dash line corresponds to tho assumption of a more grad-
ual manouvering of tho olovator.

2, Weo have calculatod the curve of Jg, the apparent

woelght or accoloration, for the maneuver deccrlbed -~ con-
slgting of nosing down the airplane for 7 seconds, then
noging up. Thoe rosult of the computation 1s glven on flg-
ure 16, :

Togts

It was possible for us to obtaln records of the varia-
blos defining the longitudinal motion of an airplane. The
tost was carried out on a Fairey "Fox" with the Bouny
equipnent, which will be described 1n dotall 1n a succeod-
ing Bullotin. BRocords of "phugold" oscillations aro suf-.
ficiontly numerous. Nevertheless, we bellove it useful to
publish hore the results of the neasurements we have made.

Although this tost has been conducted on an airplaone
differing fron the one employed in our calculatlons, the
cuarvos obtalned show o gualitativo correspondence with the
calculated curves that appoars to Justify comparison. The
polar and the curve of momonts wore known from o tunnel
togt conducted under the usual conditions on a nodel not
provided with a propoller. Tho alrplane itsclf had a lond-
ing of 58,5 kg/na At the spood of 45.2 m/s, it flow at a
1ift coofficient of 0,458, corresponding to an anglo of at-
tack of 3,6°, Tho coefficiont of moan static stabllity
measured 1n tho interval 1 =+ 6 to 1 = - 4 may beo deo-
ternined from flgure 17, - :

4% _ 0.00417
atz -~ "7
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The coefficlent of effectiveness of the elevator for nega-
-tlivo defloctions was:. . . .,

d 0!!
i - 0.01308

The conditlons of equilidbrium, according to tho tunnel .
teats, show that the flight at Oz = 0.458 and 1 = B.6°,
should be mado at an angle of olevator doflectlion of B =

- 2,65°. Actually, oquilibrium was obtained at B = = 3.6°,
which 1s a sufficiontly good agreoment.

Tho tost consisted in carrying out the followlng ma-
nouvor: Having attained the ateady state at veloeclty V =
45,2 n/g, which here 1s' state A, tho pllot pushes on tho
stick ond lowers the elovator, the mean deflectlon becoming
B = ~ 1,59, +the pilot not touching the throttle. The alr-
Plane dives and tends toward a new positlon of equilibrium.
Tho pilot, howover, doos not walt until the final state 3B
1s attoined. After having maintained the dofloction B =
~ 1,5° for 7 scconds, he pulls back on the stick, fixes 1t
in its inltlal position and allows tho airplane, nfter some
oscillationsg, to return to its initial state A. The test
is coarried out while recording:

¥ l1s the velocity on the flight path.

v vertical component of the velocity measured

v with a variometer.
B, setting of the elevator.
1, oangle of attack.

g+ component of the apparent welght in the diroc-
tion of the 0Z axis.

Jys» component of the apparent woight in the dlrec-
tion of the 0X axis.

q, ongular velocity about the OY axis.
Wo thus have 7 test curves. -
The variometer is an apparatus whose readings show con-

sldoroble lag, and can only be used when corrected. The
curve of corrected vortical velocltlies 1s shown on one of
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the .dlagranms of figure 18, 4 knowledge of V, and V
€lves the angle of slope of the path and the angle € may
be calculated from { and i. Finally, having deter-
mined 6, 1t 1s possible to calculate ¢ and check the
readings of the indicator of the angular volocity of pitch.

Ve shall now conglder the curves dlstinguishing three
portiong:

le The flight i1s assumed rectilinear and uniform at
state A, the deflection being =3.6°, the part
of the curves to the left of polnt 1.

2, A period of 7 aseconds duration, during which tho
alrplane undersoes manouvoring wh1d1wou1d lead
to state B 1f the deflection P = = 1.5° were
nalntained. This neriod corresponds to the pore
tlon 1-2 of the curves.

3¢« The period following the return to the setting

= ~.3,6° during whilch the airplane ogclillates

and tends to regein 1tg initinl state A -« that
18, the part of the curvee to the right of point
2. The relation:

Jz P _, ey
g S % rg

pernlts us to determnine C; and hence, 1.

For tle angle-of-attack curve the computation gave a
curve walch dlfferod slightly fron the oaeo recorded, the
latter lagping behind tho computed curve and at the ninie
mun anglo of attack not coming down so low. It yas possi-
ble for us to show that thero was a systenctic orrgr in
the reading of the vane due to a play of about 1, 5° s O
fact vhicn explains in part the lag of the record. The
Bouny acceleronmeter is an instrument with which we are vory
fanillar ~nd vhose roadings are very accurate. TUndor those
conditions we think that the cormputed curve corresponds to
that of actual angles of attack,

The curve of angular velocities has been obtained with
the eld of an apparatus designed to measure the angular ve-
loclties which are produced in spinning and which are of
the order of 1 to 2 redians vor secornd., Thils apparatus
did not hnve the desired mensitivity for measuring ahgular
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velocities which are of the order of 0,05 radian per second.
We were sble, however, -to.calculate the angular velocilties
@ from the angles 6. The angular velocitles thus ‘calcu—
lated are, however, obtalned after p rather larger number
of operations, among which is the correction for the indi-
cations of the variometer. Under these conditlions, the
aegreemont of the two curves is not to be considered as very
poor., . ) . .

We shall now congslder the curves in detall. After the
elevator has been deflected from B = = 3,29 to B = = 1,59
the ailrploane tends toward a final state B, The latter, cor-
rosponding to n displacement AP = 1,7°, is charactoriszed
by a final angle of attack:

10 = 3,8° + A1

wherse
Al = - . 00138 Ag _ _ 5O
0.00477
Therofore, e = 3,60 = 5° = 1,4°

corresnonding to a 1lift coofflclent:
Cy = 0.458 = 0.0695 Al = 0.1lll
and & volocilty Vv = 92 m/s

The alrplane used is thus extremoly sensitive to the
elevator controls. The defloction was applled during 7
soconds, within which time the ailrplene bogan o serles of
motions which would have led to state B 1f the deflectlon
hed beon appllied long enoughe. This period is characterlzed
by tho immediante appearance of a component of the veloclty
directed downward by the docrease in the angles of attack
and accoeleration J_,, and by the increase in the veloclty
along the fllght pagh. We may noto that the lnoreasoc in
the velocity 1g memde at first rather slowly, thus confirm-
ing the computations given 1n figure 1l4.

Lot us now examine tho offect of the return to tie in-
1tial clovator doflection. At the instant when the stick
1s thrown back to its original position (point 2), the
curve of accelerations 1s suddenly modifled, thls belng the
curve vhich indicates most oxactly the inatnnt when the
maneuver has been executed. Tho angle of attadk 1s instant-
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ly chonged, the veloclty V continues to increase for seve
eral seconds, and the airplane continues with a vertical
veloclty of descent - the latter, however, attalning 1ts:
maximum a little after the maneuver. The different varia-
bles vary in euch a manner -as to. rogain the values corre-
sponding to the lnlitial state. The dlagram shows up the
long-poriod oscillations with particular clearness, o large
amplitude belng obtalned, due to the size of the initial
disturbanco imparted to tho sirplane.

. Wo do not considor it nocossary to comment further on
the experimental curve obtained. Tho curvo has the same
appearcnco as that computed and drawn on flgure 14 for o
simllar manouver but corresponding to a different airplane,
and thus proves the valuo of tho o mputations for tho theo~
retical dotermination of tho flight paths.

It 13 part of our program to carry out complete compuw-
tations, using the characteristice of the airplanes avall~
able for our tests.,

III. LATERAL OR TRANSVERSE MOTION

Method and Equations

The equations of translation along the OY axis, and
rotatlon about the OX and 02 axes are those that determine
the lateral stabllity. Thesge equations are:

i (gv + ru - pw) =Y « P gin @

dr da
0—-E—£+ B w A) + Bgr = LN
at it - Pa ( ). 4

where A, B, and 0 are the moments of inertia. If the
axes of coordinates coincide with the principal axes of in-
ertla the product of inertia B 1s zero, and this we shall
assume in what follows,

To the above equations must be added two geometric re-
lations conms cting the angular veloclties p and r wlth
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the doiivntivos_ %% and - %%, ond resulting from the def-

inition ‘of the rotations: - o

» = %% cog 6 = %% sin 6 cos @ °

= 42 &y
. r 3t gin € + 3t °o°s 6 cos

These rolations many be writtens

Sp

at P cog 6 + T ain O

ay l  (r cog® ~p ein 6)
at cos @

The esystom of equations 1is of the form:

%;v= £, (v, p, v, @, V)

%% = f5 (v, Py, *, ©, V)
&L = £y (v, p, Ty @y V)
%‘% = £4 (v, Dy 7, ©, V)
%% =% (v, p, 7 @, ¥)

and moy be linearisged as in the study of the longltudinal
8tabillty, tho disturbances 8v, 8p, 8r, 8p, 8y Dbocoming
the variables.

Tho integrated system, after the above oquations have
boen roduced to a linear system, dopends on on algebralc
oguatlon of the .fifth degrec in -A- .in place of one of the
fourth degreo. This equation will bo:




1] HeA.C.A. Tochnical Momorandum No. 867

afy _, 3fy df, . of, af,

ov or or K- Vv

dfy of, - dfy - af'E of

ov op or op oV

ALY ofy Oy _, 5% Bt =0
av op or op v

3f, 3f, Af, - 3ty _ 3,

ov op ar o oy

ofs ofg ofy of, of -~ A

av op or o ov

It will be found, howevor, that the derlvatives of the
functions with respecs to VY are zoro. The fifth degree
equatlon sdmits of a zero root AN = 0. This facllltotes
tho ecnolytle study since the characteristle equation be-
comos one of the fourth degree when thls particular solu-
tion 18 climinated, end the mathematical study 1ls made by
methods simllar to those employed in the study of the lon-
gltudlinal stability.

The exlstence of thils particular root corresponds to a
certain physical fact. In the study of the longltudinal
motlon 1t is found that certain projections of the external
forces dcpend on the angle 6, Whon 6 1s rot zoro, tho
axls of the airplano is inclined upward or downward with
regpoct to the horigzon, and the weight has along the 0X
axls o componont which adds to or subtracts from the pro-
peller thrust, Whon an alrplane ls dynanlecally stable, it
roturns to its 1nitial stato after a serlos of oscillations.
The forces acting on the alrplane shoulda therefore regaln
their initlal velues, and thls result can be obtalned only
1f the alrplare regalns its initlal longiltudinal attitude.

In the study of the lateral motion we meet with the
angular nagnitudes ® and V. The componeat of the forces
along the 0T axls depends on the angle ¢, since the welght
has o leteral component when the alrplane is inclined. If
the airplane 1s dynamicnlly stable 1t roturns, after any
digturbanco, to 1ts 1lnitial state and should therefore re-
galn its Initial inclination @. The same doos not hold
for tho angle VY. Whatever the final position of the air-
plane the projections of the welght on the axes are inde-
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) penderct of the rotation VY. .There exists no force or mo-

o ment which ig.a function .of the agimuth. Henco, when an
airplone, dyananically stable, returns after a disturbance
to 1ts initlal state, 1t should reganln a motlon charncter-—
1zod by the esame wvelocitleos.and by the same angles @ and
@ na tho inltipl motion dbut not neceesarily by the sane

: angle V. The eirplane, after s disturbarce, does not pos-

(- sess any weathercock stabillity - all- the, derivatlves with

: respect to W of the moments and forces being smero. The
exlstence of p molution A = O 1s the mathematlical conse-
quence of thig fact.

The 1ntegral system will be analogous to that obtalned
for the longitudinal stabdility and will bo writton:

8p = 1, Gy oMb + 1, O, olat + 1, Oy oPsb + 1, O et
L 8r = ﬁ; Cp oMb + ma Oz eMat + my C5 oMab + me Co ePsb

{ 8
1

n, C,; eMtb 4+ ng, Of eMat & n, G, oMat + ng Of ek4t_

The dlsturbance 8V can be obtained only by integrations

8\|J=‘/ngd%&’dt

It is Imown that the charaéteristic equation in A al- .
wvaye adnlte in the case of lateral stablllity a pair of im-
aglnary roots Rl’a and two resl roots Az and 0 Agk The

motion wlll regult from the superpoeltion of an oscilla-
tion and two aperiodlc motions.

-

STATIC STABILITY IF LATERAL EQUILIBRIUM

The static stablility is a phenomenon by which a dy-
namic restoring moment ariges when the alrplane has been
Bthect to any dicplacement with respect to its flight
path. " The displacement as regards the lateral motlion ‘showe
up by an angle of yaw J. The yaw takes place whenever
the aerodynamic velocity V departs fron the plane of syn-
metry of the airplane and gives rige to two ‘momsants L and
N. WTo shall tako: '
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=
n

Oy, S =—

N = Oy Sb 2

whero the reference length b 1s by convention the span
of the slrplanc.

c v
The derivatives %EL and g}l deternine the statilec
stabllity of the airplane. Thoy aré_the coefflclents of
static stability of roll and of yaw. Since J = v/V, wo

have olso:

aGL - 1_aGL
av v al
% _ 1 3%
av v aJ
-acL
It 18 rendily seen that 3 is positive when the ef-

fect of the latoral surfaces of the airplane sltuated above
the OX axls 1s greator than that of the lateral surfaces

C
below tho axle and that g}y is posltive when the effect
of the vortical surfaces situated at the rear is predomi-
nant. The forn of the wings enters as an important factor
1n the lateral static stability. ggo dihedral incroasos
aC - .
53L whlle the plan forn affects SEE' These coefflclents’
aro cavable of numerical ovaluetlion. Tosts show that the
mononts L and N depend also on the anglo of attack, so
that it must always be spocified, when 2 numorical value
i1s glven, to which angle of attack 1t corresvonds.

AIRPLANES STUDIED

Ivo sets of alrplancs woerc studled - difforing in
their coofficleonts of static stability of roll and yaw -
the same clrplanes being used as 1n the study of longitudi-
nal stability. It is necessary to give the span B and 1t
will bo cssumed as equal to 10 meters, whila the two radil
of gyration will bve:
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- e oo Lo rg = 2.5 m
L]

I‘A= m

The derivatives of the forces and aorodynanic moments
are glvon by .

aV N a¥ a¥
Y, = a, 5 o L', = a, 5b oy N', = a, Sb o
.
1= a¥ t - a¥ o= av
o '
- - — oV
Y4, = o, Sb gg L'y = a4 Sb, gg D'y = 6o Sby &

In our computations we shall assumo the constant values:

a, = - 0,60 Bg = = 0,2343
ag = + 0,013 ag = = 0,0563
; &, = + 0.065 ag = + 0,0168
g ag = = 0.044
It may readilly ba Eecn that:
w3 e - 2

where tho angles are expressed in radians.

The etability of roll will be characterized by the fol=
lowing valuos of a,:

a, =0, 0.02, 0.04, 0.06, and 0,08

In investlgating the offect of these variations in stabili-
ty, wo shall combine it with the constant valuo a, = 0.04,

The directional stabllity will be charamcterized by the
following values of a,:

a, = ~ 0.02 ~0,01 0 +0.,02 +0.04 +0.065

In varylng o
0.04.

woe shall suppose e conagtant and equal to

7! 4
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Remark

We aseume, in fact, that the coofficients of stability
may vary without having the quantities a,, &5, a5, and

a;. which define the amerodynamlc damping, vary. It is im-

portant to note this assumptlon.

SOLUTION OF THE CHARACTERISTIC EQUATION

) The movements executed by the ten airplanes studled
arc not all gtable. The criterion of stabllity of Routh
requires, when the characterlstic equation is put 1in the
form (VII), that each of the gquantities

A A.A
All Aﬂ! ‘-3' A-‘l and R = A'ﬂ - I-: - —i:‘

be groater than szero.

We shall take the coefficlents of static stabillity as
variablos

a, =x a, =7y

Tho expressions A,, Ag, A,, A;, cnd R Dbecome func-

tions of x and y. Let us conslder the roglon of tho
Plane dotoerminod by the extreme valucs of x and y from
-0.02 to +0.10 (fig. 19).

Tho quantlitlies A; and Az are always > 0 for the
valuos of tho varlables x and y oconsldered. The llnes
A; = 0 gnd Ag = 0 do not cross this region of the plane.
The other three relations:

4y = 0 Ay = 0 R=0

on the contrary, define lines which cross the reglon of the
plano congsidored. We shall dotormine a reglon where sta-
bility oxlasts.

Plotting the points characterizing the ten airplanes
studled, 1t may be seon that six are dynamically unatable,
and only. four are stablo. The roots of tho equations and
the charactorlstics of tho motlions are glvon in the following
tabless
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VARIABLE STABILITY OF ROLL

Value of a,  Imaginary roots Real roots
S “1,: Ag Ao
0.08 -0.3252 #1,4421 «0.02177  =3.97
106 : -=.3596 - #1,40841 -.007 ~3,93
104 -.385 #,3661 +,01046 =~3,89
002 . -y4126 31,3101 +, 3035 ~3,85
.00 —s44l  #.2721 +,492 ~3.815

The period T of the oscillation, cnd the time T %
required for reducing each olementary motion by half 1ts
value, or doubling i1t, acco rding to whetner the movements
are stable or unstable, are gilven in the table below:

Value of a, Point Oscillation Aperiodic motion
- T T4 T3 T4

0,08 A 4,31 2.13 31.8 0.175

.06 B 4,45 1,93 99 «1765

404 0 4,58 1,8 6603 o 178

002 D 4,78 1,68 2,28 g .181

.00 E 4,92 1,57 le41 3 .181

When the directional stahility 18 varlable the roots
are .as follows?
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+9,065
+,040
+.020
0.

-y 0L
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VARIABLE DIRECTIONAL STABILITY

ay Inaginary roots
' A1,a

~0,3903 #1,6881
-y 385 £1,3661
-y 371 ¥1.0221
~,264 *.6561 |
+.04265 +,3261
+.199 *.2531

Beal roots

As

"+0,0259

+.01045
~.0209
-e2317
~4846

-1.,58

As

. _3. 89

"3' 89

"'3' 89

"3. 89

and the movements are characterized dy

Velue of a, Point Ogeclllation Aperlodic motion
Th T Tk

+0.065 3,73 1.78 26.8 o 0.178
L. :

-]
+,04 4,6 1,80 66,3 £ .178
+.02 6415 1,87 32,2 .178
0 11,3 2.62 2.91 178
-.01 19,25 16.25 5 .795 2178

. a :

‘@

-, 02 24 3.48 § 437 .178

In what follows we shall denote as the osclllatory mow

tion that whlch 1g determined by the imaglnary roots;

motion as the aperiodic motion which is defined by the root

Aa;

the root A,

and damped motion as the aperiodlc motion deflned by
We find that the motlon corresponding to the

fourth root 1s always stable and strongly damped, and that
1ts characterlstics are independent of the omefficlents of
statlc stabllity of the airplane.

spiral
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Whon the airplanes A, B, 0, D, E are successively

examined, 1% .is seen that the oscillatory motion 1s stable

in all cases with practically the samé period and ‘effecd-
tively damped. The aperlodic motion determined by X; 1@

stable at the beginning but not to a great extent, since )
the dlsturbances do not decrease by half after a sufficlent-
ly long time. Thie motlon becomes unstable as soon.as the
1imit A4 =0 1s crossed, the disturbances doudbling in
times which bocome smaller and smeller.. This instabllity

le the woll~known spiral instadbility.

Let us consider the airplanes 1, 2, 6 = differing in
thelr statlic directional stabllity. The aperiodic motion
Az 15 unstable at the begirning, the characterlstlc points
lying outslde the region of stability. The sirplane 1s sub-
Ject to spiral inastability but the latter dlsapvears as
soon as tho boundary Agq = 0 1ia crossed and the motion Aa

becomes very stable. As the directional stabillty docreanses
the period incroasos, the demning decroases, and the oscill-
lation becomos unstable at the instant the line R = 0 1s
croased.

CHARACTERISTICS OF THE LOTION

Dynanic conaiderationa thue indicate that the stablll=
ty eocofflcloents —= cecnnot be glvon arbitrary val-

uess 4 simplo qualitativo Sxplanation of these facts may
oCy, aGH
- >0
3] > 9% 33

are neroly sntisfled without any further investigation of

tho novomonts which will be set up, 1t 1s possible to havo
the pirplcone dynanically unstable.

readlly Yo given. If tife two conditions

Lot us oxamine the case of an alrplane banked to the
left 89 > 0. It willl then bo under the actlion of the
wolght on that side and a disturbance 8J > 0 willl take
place (fig. 20)s The latter digturbance will havo two ef=
foctssl,

" 14 Tho airplarne Wwill havo a tondency to right itself

undor the action of ggL. the yaw toward the left tondlng

to inclino tho airplane toward-the right.
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2, The alrplane will have a tendency to yaw to the

. . Cc .
left slnce 1t behaves llke a weather vane, o0x being pos~
l1tive. _ ad -

There thus arises a now digturbance, a yaw 8r > 0.
In this motion the right wing will be outside of the turn
and wlll be displaced more rapldly than the left wing. Its
1ift will be greater and it will tend to ralse 1tself fur-
ther, thus incroasing the lateral bank, The momént L 1s

c
a functlon of r, the derivative %;L is negatlive, and

the yaw 68r has a tendency to right the outside wing, which
here lg tho right wiang. Two opposite effecte are produced
and, dependling on the proportions of the alrplane, one or
the other will predominate. If the effeet of the static
stablllity of roll 1s greater, the airplane after yawing
wlll regaln lte inltlal gtate - flying, however, in a direc-
tlon different from that preceding the 1inlitlal dlsturbance
8p. If the effect of the angular velocity r on the rolle
ing moment 1s greater than the effect of the sidesllp J,
the second effect will predominate. The bank of the alr-
Plane willl increase, the alrplane will describe a spiral
path, and will then be dynamically unstable, In spite of
1ts statlc stabllity of direction and roll, it possesses
spiral instabillty since the first stability 1s too great
wlth respect to the second.

Similarly, we can explain how the osclllation assumes
more and more unfavorable characteristics when the stabil-
1ty of roll 1s too great compared wilth the yaw stadility.
Let us inagine that the alrplane yaws to the left, the 0X
axls of the plrplane being orlented toward the right with
respect to the flight path, If 3Cy/3J 1s high, the air- ’

Plane wlll incline energetically to the right and the roll
willl be positive. The tendency to yaw to the left will, on
the contrary, be small since d%y/3J 1s small. This yaw
will not develop, as & secondary effect, any lmportant nega=-
tive rolling moment. Since nothing opposes the motlon of
poslitive roll toward the right, the airplane will bank to
this slde but it should then begin to yaw in thils direction
and the same phenomena will be reproduced in the opposite
sense. The alrplane will have a yawlng motlion on which 1s
superposed a continuous lateral swinging. For too small
values of d0g/dJ), the successive amplitudes increase and

the osclllatlon 1s unstable.
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We shall hore dlscontinue our qualitative explanations
and return-.to the.resul.ts of our computations. The first
roint is to determine the relative importance of the elew
mentary motions by calculating theilr smplitudes for the
glven initial disturbances.

GRAPHS OF THE KOTIONS

We shall consider'three initial disturbances, namely?$

1, A disturbance: 8§v of 10 meters per second, corrae=
.8ponding to an angle of yaw of 0.26 radlan.

2e A disturbance 8p of 0,2 radlan.
3. A disturbance 8r of 0.2 radlan per second.

It did not appear necessary to calculate the effect of
a disturbance 8p. Such a disturbance would cause the alr-
Plane to bank and would produce in a eghort time a disturb-
ance &p. We prefer to take &p directly as the initial
motlon to be conasldered rather than study the sequence of
successlvo values of 89 corregvonding to an initial &p.
The amplitudes of the components of the motion are given,
for each initlal disturbance, by the tadbles which follow,
Tho resultlng motions are shown plotted on figures 21 to
23. Several componont motions are puperposed on those
Plots. ZExaminetlon of the curves loads to the following
conclusions, In cases where there 1s stadbillity, for alr-
Planes A, B, 3, and 4, the curves do not present any essen-
tial difforences. Spiral instability oxists for the air-
planos 1, 20, E, and D. It ig rot in evidence for alrplane
2C, since it 1s very snall and the curves are not prolonged
a sufflclent length of time for the instability to show up.
The spirel instability is cloarly evident on apirplancs B
and D, Similarly, the osclllatorr instadbility of airplanes
5 and 6, 1s clearly indicated. From a direct study of
theso figures, however, the phenomena cannot be analyzed.
To soe more clearly, we shall invostlgato seoparately:

A. How the-initial-disturbances consldered are dlsw
tributed among the different partial conponent
notlions.

B. 3 oach partlial motion which aro the varlanbles nost
affectod.
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We shall thue determine the relations exlisting, in each
component notion, between the values of the different vari
ables, Wo Imow that, for each airplane, these relations
are congtant and independent of the 1nitlial disturdance.

A. DISTRIBUTION OF THE INITIAL DISTURBANCES

Let us examine how the initial disturbances considered
are dlstributed among the partial motions. Thie dlstribu-
tlon wlll depend on the initial disturbance consldercd.
¥With the ald of numerical tablos, we nay easily show how &
glven dlsturbance 8p 1s dlstributed among the amplitudes

Pe s Nyl , and ngGy. Similarly, we shall investigate how an

initlal disturbance 8r is distributed among the ampli-
tudos Py, m; 0y, and me0q, and how an initial disturbance

8v 1s dlotriduted among p,, 0,, and O, . Theso distribu-

tlons will occur in proportions which depend on the aero=
dynanle characteristics of tho airplone consldered.

- Wo find that in each case the amplitude of the motion
corrosponding to A, 18 very small, It is represented by

the hatchod reglon on tho figuree, This explains the fact
that the demped motion: does not play any important part

in tho phenomena. The amplitude of the spirsl motlion cor-
responding to As 18 very largo when the inltlal disturd-

anco is an inclination 8p. When the initial disturbdance,
on the controry, is a sidoslip v, the oscillatory motion
ls the groecter. In the case of an initial disturbance 8r
there 1s some spiral motion, but the oscillatory motion
predominntos,

B, VABIABLES AFFEGTﬁD IN EACH MOTION

For o given alrplane, we econ charactorize each motlon
by the ratios of the values of the different variables at
the same instant. These ratlos are indeperdent of the in-
1tinl conditions and d epend only on the stability parame-
toras of the n~irplane,

Tho crmplitudes of the disturbances of the varilabdbles
vy P, *, ® asgoclated with the dampod motlon, are propor-

tionnl to the quantities 0, 1,0, m, 0 and n,0,. Those ans=—
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socl ated with the spiral motion ars provortional to

O3 1303 myCs ny05. .Let us chooge asg the term of conparison
the -value of the digturbance of lateral inclination n0
(of desirod subseript). The disturbance of lateral veloce
ity O gives ar angle of yaw vhen divided by the veloclty
V. The quantities:’

0 1 1
[ QR R
¥ a0 n

g€ivo the conatant ratio which connects, in the elementary
motlon consldered, the angle of yaw with the angle of lat-
eral inclination. The quantities U/n give the constant
ratlo between the angular velocity of roll and the anglo of
roll, =n/l tho angular velocity of yaw to the angular vo-
loclty of .roll, m/n the angular veloclty of yaw to tho
angle of roll, PFrom tho numerical tables we may derive the
follOying regulta.

l. Denped Hotilon

The ratios '7&—, 21; 2. 3o not vary much when the
Ng Ng

different alrplanes studlied are examined, It is not nec-
essary to follow the changes 6¢f these ratios wlth the co-
efflclonts of static stability, and 1t will be sufficloent
to congider mean values for characteriszing the phenomena.
We find:

2L - + 0.147

Vn,

In the damped motion a positive bank (to the right)
1s essociated with a poeitive yaw (to the left), the angle
of yaw belng 2lwnys O.1l47 times the angle of bank, The
relation

t . .
Ef = A = e 3.8

shows fthat o positive bank corresponds to a negative volocw
1ty of roll tending to make thias disturbance digappear
very. ropldly (in 1/3.8 seconds if the angular veloclty were

constant lnstead of obeying an sxponential law). -We have,
moreover:

me my _
- ng 5.00147 and r: —.- 010?84
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Theso ratios show that a negative rolling motion 1is associ-

ated with a positive but very small yawlng motion.

. 2e¢ Spiral Notion

For the spiral motion the ratios 'vary from one alrplane
to another. Let us draw up the tables below:

Ailrplane A B c D E
1. ~0.0536 | =0.0676 | =0.0663| =1.985 -1.41
Vo
%1- -0.0217 =0.007 +0.,0101} +0.3035 +0,492
3
El w0a216 | =0e216 | =0.2315| ~4.17 2.3
3
%1 +10 30,9 -22,9 |-13,75 -4 .6
3
dirplane 1 2 3 4 5 '8
;%—_ <0.0416 | <0.663 |=0.0115 |=0.42 |=1.196 | =1.66
3
1
;: +0,0259 | +0.0101 | =0.0209 |=0.23 |=0,846 | »1,58
El 04222 | =0,2315 |=0.229 [=0.207 |~0.81 |«=0.91
3
;1  =Be6 -22,9 1+410.95 [+0.893 [+0.96 |+0.57
3

We seo that the ratio of tho angle of yaw to the angle
When the airplane 1a inclined

of bank ig always negative,

to tho right (p positive), it should yaw to the right (J
Here agald, we have the action of the lateral
component of the welght.

negative).

. ] .
When E; is positive a lateral inclination is associ-

ated with ansangular velocity of roll of the same slgn tend-
ing to lncrease the inclination, the motion then being un-
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stables The ratio m,/n, is always negative. The ratio
my/ls reaches rather .high absolute values, .the angular ve-

locitles of yaw beconing in certaln cases congiderably
larger then the angular velocities of roll.

B. OSCILLATORY MOTION
Let Py+ Pgs Py P, be the maximum amplitudes of the

disturbances of the variables v, P, r, @ assoclated with

the latoral osclllation. The ratioes of theso amplitudes
aro given in the tables below:

l
ﬁ

Alrplane A B o] D R
P 1,06 1,345 1,825 2,94 4,28
Ve,

Pa. 1.475 1.45 1.42 1.376 1.347
Pa

P

— 1,325 1.67 2.6545 3.67 5.3
Ps

Li Y 0.9 1,15 1.79 2,67 3,93
Pa

Alrplane 1 P 3 4 5] 6

ng 2,23 [1.825 | 1.45 | 0.886 | 0.441 | 0,307
[} .

Py : '

o 1.715 | 1.42 1,097 | 0.622 | 0,329 | 0,322
4

fa. ' : : ' - :

5 3.56 | 2,545 | 1,29 0.1785 | 0.203 | 0,182
. .

Pa

o 2.075 | 1.79 1,185 | 0.287 | 0.618 | 0,565
-
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The foregoing tables should be completed by the phase
differencos which determine the sign relations between the
disturbances.

dirplane A B 0 D B.
?, - P, 112° 109° 103° 86° 380
®, - P, 103° 104° 106° 108° 109°
P, - P, 16° 200 15° «2,5° =50°
. -9 -770° -82° ~91° -110° 200°

Alrplane 1 2. 3 4 5 6
®, - 9, 97° | 103° 108° 116° 410 56°
® - 9, 100° | 106° 110° |- 116° 820 560
ws - @, 90 15° 210 410 240° 316°
®, - P -81°% | «91° ~79° -75° +158° +266°

The value @, = ®q = x Iindicates that the variable 1
pasges through its maximum of positive amplitudes é% T

seconds before the osclillation of varieble 4, From an ox-
aminatlion of the tables, the following conclusions may be
derived. The disturbance in yaw 8J 1s, in general, great-
oer than tho dlsturbance in roll 8¢ when the osclillatory
motion is stable. Whon it bocomos unstable the ratlo

8j/8p decroases. When ®, = P, 1s in the nolghborhood of

90°, the oscillation of the variable 1, that 1s, of the
yYaw, passes through 1ts maximum positive amplitude about a
quarter of o period ahead of the varlable 4, the lateral
inclingtion. The yaw to the left (positive).is followed
by o bank to the right (positive).
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The dlsturbence 68p of the angular. velocity of roll
is-not- oxactly -in .quadrature with - @. . The phaso differ-
ence @, - @, varles bstveen 100 and 110° and is not ex-

actly oqual to 90°, This may bo expected since p 1s mnot
exactly the dorivative of ¢ but )

dp . ay
P = 7g cos 0 = ag °°8 @ cos e

The retlos p,/p, rosult in smaller values than those for

the spiral motlon. With equal roll the yawing is less in
the osclllatory motlon than .1t 1s in the spiral motion,

Let us now conglder the characteristics of the yawlng
motion, When the airplane 1s stable, P, ~ P4 1s included

between 15° and 40°, The yawing motion passes through its
positive meximum 1/24 to 1/9 of a period ahead of the pos-
1tive meximum of ¢@. The yawing is to the left at the in-
stant when the left wing is rising, the secondary effect

of the rotation r thus tending to oppose the roll., Tho
same conclusion may be drawn from Py = Pge Wken .the oscll-

lation becomeos unstable, for alrvlanes 5 and 6, the ghase
difference P, ~ P4 lncrensen; we flnd 240° ond 316° while

wve have @, - @, = 158° and 266°. This indicates a revor-

8ol in the sense of tho phenomena since 1t is casy to sec

that for @, = @, = 180° the two rotations r and p ato
in oprosition. At this ingtant a positive yaw r (to the
left) 1s ossoclated with o negative roll p (to the right)

and the gsecondory effect of the yaw will be to increase the
roll,

The obove numerical analysie throws some light on the
partial motions, of which the resultant motion is composed.
The characteristice of esach ¢f the three motions studled
above depend on ‘the alrplane but are independent of the 1n-
1tinl disturbance considered,

CONCLUSIONS

- roa

1., Tho onalysls of. tho lateral motlon 1s more compli-
cated thon that of the longitudinal motion. It is thought

-that the results obtained from the complete numerical com-

putation of oxamples nay be useful in estimating the effect
of the dlfferent factors. The variable factors here con-
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sldered were the  coefficlents of static stabllity, The mo-
tions computed were determined for a zero angle of attack.
It 1s of courge understood that it is not enough that an
alrplane shall be stable at a low angle of attack. The
lateral stability should be investigated, particularly ab
large angles of attack, and thic is a problem which at the
Prosent mopment is the moest difficult of solution, A log—
local contlnuation of the above study would be the computa-
tlomx of the motions for flightt at large angles of attack,

2, The theoretical determination of the variables v,
P, *, ¢, and ¥ has already been considered in several
workg. Of these, we nay note:

a) The computations carried out by Halllday on a cer-
tain airplane (namely, the Bristol "Fighter!)
for different anglos of attack (R. & M. No.
1306). At low engles of attack, the curves
found for this alrplane heve the same general
appearance as those computed by us for the sta-
ble alrplanes.

b) An example computed by Mellvill Jones, in volume V,
of W, F, Durand'!s "Aerodynanic Theory."

REMARKS CONCERNING AUTOMATIC STABILITY

The present investligation may be congidered as prelin-
inary to the study of automatic stabillizers. We have sought
to determine first how an alrplane of average characteris=-
tics reacts agelnst the principal disturbances 1t may en-
counter, It 1g only after such a study has been undertaken
that one nay inguire as to the effect produced dy a stabi-
lizer on the natural reactions. We have already published
severol ildeas on the subjoct in articles devoted for the
most part to deseriptions of the apparatus proposed.

Without entering here into the general study of auto~
matlc stabilizers, we may point out that the present work
suggests to us immedliately the idea of a stabiliger whosge
sensitive member would be a wind vane or pressure plate.
The elemonts here consldered as variable were the coeffl-
clents of static stabllity - that ias, the derivatives of
the cqefficionts of -the moments with respect to the angles
of attack and of yaw; these angles may bo determined by the
vanes, Lf tho vanes are utiligzed so ag to operate the con-
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trols, an automatic stabiliszer is created whose action on
an alrplene will ba analogous to an increase in the static
stability., - - T

Let us consider, for example, the longitudinal stabil~-
1ty. The moment ¥ 41ig g function of 1 and of PB. The
derivative charactorizing the moment about ‘the center of
gravity.1g:

aM _ oM , oM 48
d1 91 3P a1

where dB/dl 1ig determined by the mechanical apparatus con=
necting the defleetion B of the elevator with poslition of
the vano. Our computations are, in fact, referred to the
total dorivative dM/di. It scems, from the theoretical
point of view, nll other conditlions remalning the same -
particularly, the total area of the tail surfaces -~ that

the productlion of a moment M Dy neans of natural static

-atadllity or by means of an automatic stadbilizer would be

equivalont, The comparison of the curvoes obtained for dife
feront values of W showc the effoct that may be expected
from vano stablligors. The sane remark applles to the lat-
eral steblllity, whore a vano could be imaginhod as acting

on the ailerons or the ruddor:

8%, _ Py, 2% lo
a3 3 da dJ

dcy _ ¢y , 20y &Y
aj = 9 aY 4

It thorefore scoms that it should bo possible, 1f an
alirplane possesses certain unfavoradble flight characteris~
tics due to insufficient static stabllity about one of the
axes, to correct this lack of stability by the use of o
vane stabilizer. thus avoiding a re-design of part of the
alrplene, .

Translation by J. Reiss,
National Advisory. Cofinittee
for Agronautics.

-
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LOKGITUDINAYL MOTIONS
Initial Condition: 8w = -8 and 86 = -0.2
L 0.008 |0.006 | 0.004 |o0.008 | ) -0.001
Short Period Osclllation Aperiodlc Motion

P, 0.1775[0.20 0.2658 | 0.453 c, 0 -0.015
Py 8.93 |9.13 |[10.5 14.48 | 1,0, 0 -1.136
Py 763 | .70 .619 .619 |m C, ) +.089
Pg .1687| .1538| .1485| .1612|n,C, 0 -.016

, 187° | 143° 118° 113° C, | -0.78 | -1.095

. 248° | 2m° 231° 214° | 1,0, | -8.5 | -6.85

, =2° -1° 0 +1° |mgCy 0 -.073
o, 221° | 218° | 206° | 194° |ngc, | © +.040

I LN |
Long Perlod Oscillation Aperliodic Motlon

p,' 4.24 |5.44 6.86 |11.4 Cay | +16.223 | +7.95
p,' .456 | .694 .879 | 1.9 1505 | +3.73 | +1.661
P’ .026 | .026 .027 .027 |maCgy 0 +.012
' .l055 .121 .139 .177 |n5C4 0 -.052
@' 179° | 179° 178° 178° C, o -6.84
Pg' 179° | 179° 178° 178° [ 1,0, 0 -1.97
®,' 356° 354° | 352° 365° [m _C, 0 -.013
®,' 256° | 283° | 250° 244° |n_C, 0 -.18
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Initial Conditlon: §8q = 0.96 rad./sec.
w | o.008f 0,006 | 0,004| 0,002 0 -0.001
Short Perlod Oscillation Aperiodic Motlon
Py| 0.243| 0.314 | 0.496} 1,231 c,| +0.189 | -0.14
p | .06 | 1.10 | 1.20 | 1.76 |mc,| -.96 +.83
pP.| -218 .241 .288 .466 |m,0,| +.185 -.148
@ | 278° 262° 2450 313° Cg| -1.856 | +1.7
®, | 180° 180° 180° 180° | 1,05 |-13.656 |[+10.66
®, | 295° 300° 308° 327° | mgCa| © +.114
®, 153° 1653° 154° 161° | ngCa| © -.063
7 : .
Long Perlod Osclillation Aperiodic Motlon
p.'l 4.18 6.25 6.86 | 10.78 Ca |+16.31 -7.9
Py'| .026 .036 .027 .026 | m3Cs| O -.012
1
P, .104 <117 .138 .168 [ n,Cy| O +.062
o '| 177° 177° 177° 177° C, |-14.37 +6.34
¢ '| 177° 177° [ a7?° | 177° [ l,c,| -3.05 | +1.83
®,'| 853° 352° 351° 853° |mc, | O +.013
e,'| 263° 350° 348° 243° | n.C | -.185 +.166
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Initial Oondition: 8w = -8 m/sec
u |0.008 {0,006 | 0,004 | 0.002 ) -0.001
Short Period 0Osclllation Aperlodic Motlon
P,{0.176 |0.202 | 0.367 | 0.441 G, 0 -0.011
pP.|8.78 |9.21 |[10.1 14.7 1.0, 0 -.84
P,| -76 .71 .62 .62 m, 0, 0 +.066
P.| .186 | .155 .150 .163 | n,¢0, 0 -.012
p, | 340° | 322° 2989 244° Cc | -0.75 | -1.168
o, | 246° | 240° 2339 2123° | 1,6, | -8.17 |-7.3
®, 0 0 0 0 mg Cg 0 -.078
v, | 218° | 2123° 205° 194°% | ngpCq 0 +.043
| T T T
Long Perlod Osciliation Aperiodic Motlon
p,'14.01 |3.818 | 3.34 2.396 c, | +0.76 | +1.86
Pa'| -1 | .490 .468 .400 | 1,0, +.175 | +.386
P,'| .0241| .o187| .0130| .0056| m,oC, 0 +.002
p.'] -10 .086 .068 .087 | n,0C, o -.012
P, 10 20 40 g° Ce (o] -0.669
®,' 10 20 4° 9% | 1,0, 0 -.192
®,'| 186° | 179° 177¢ 177° | m C, 0 -.001
®,'| 76° 76° 76° 77° | n,C, 0 -.017
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Initial Condition: 8u = 10 m/sec
n { 0.008 | 0,006 | 0,004 | 0,002 o] -0.001
Short Period Oscillation Aperiodic Motion
P, | 0.022 0:033 0.036 | 0.068 c, 0 -0.005
Pg | 1.118 | 1.608 | 1.4236 | 2.375 | 1,0, o -.378
P, .0066{ .1178| .0878| .0973 m C_ ) +.06
P, .019 .036 .021 .036 |n. C, 0 -.005
P, 30° 12° 330° 320° Ca | -0.215|-0.36
P, 287° 304° 261° 325° | 1,6, | -2.34 |-1.63
P, 22° 26° 27° 13° | myC, 0 -.017
®, 176° 1740 176° 1779 | n,Cy 0 +.01
Lgng Perigd Oscilistion ;periodié Motlon
bl' 10.134 [10.12 {10.310 [10.70 G, [+10.215| +8.48
P! | 2.09 1.29 1.444 | 1.782 | 1,6, | +3.34 | +1.77
P, .061 .049 .040 .025 | msCs 0 +.013
G .252 .327 .208 «116 [ n,Cq 0 -.056
?,’' 100° 100° 104° 110° Ca 0 +1,785
P?g' 100° 100° 104° 110° | 1404 0 +.514
P, 2750 2759 237890 2386° |meC, 0 +.003
P, 176° 1740 176° 177° | neCq 0 +.047
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Initial Condition: 86 = -0.2 rad.
M | 0.008 | 0.006 0.004 | 0.002 0 -0.001
Short Period Oscillation Aperiodic Motion
p, | 0.0009 0.0013| 0.0019 0.0026 c, 0 0
Pg| .046 | .056 .076 .086 |1,0, 0 0
Pa .ooaei .0043| ,0047| ,0037|m, C, 0 0
p,| .oooel .oc09| .o011| .co10(n,c, 0 0
®, 94° 82° 65° 33° Ca -0.02 { 0.06
o, | B352° 156° 40 149 [1,C, -.22 375
P, [ 114°| 124° 127° 147° [mg 0y 0 .004
e, | 332°| 332° 334° 340° [ngC, 0 .002
] T T T
Long Perlod Osclillation Aperiodic Motion
P,"| 8.24 | 9.26 |10.39 [13.97 Cs | +15.46 | +6.1
Pa’ .886 | 1,184 | 1.451 | 2.335 |15Cs; 3.66 | +1.275
Py! .050 | .045 .040 .0326 |maCs o +.009
Pg! .205 | .207 .210 .218 |n3Cs 0 -.04
®,'| 180° | 180° 180° 180° C, | ~15.44 | -6.12
®,'| 180° | 180° 180° 180° (1.0, -3.3 | -1.776
®,'| 366°| 355° 3559 366° [m,C, 0 +.012
: p,'| 256° | =2b2° 251° 246° |n, 0, -.2 -.162
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Initial Condition: &v = +10 m/sec
‘Lirpl;nes 1l 2 3 4 b 6
Osclllation
P, 9,73 9.74 9,83 11.56 6.64 6.92
Py .186 .188 .214 «303 132 « 247
Py . 387 .338 317 .058 . 040 .090
94 109 «132 .170 . 323 «370 .800
® 89° 890 84° 820 940 55°
@a 909 90° 909 899 g7° 50°
ws 359° 359° 3699 140 1850 2960
®, 3500 3440 3370 336° 0° | 358°
épiral Mltion
Ca 0.046 [|+0.023 |-0.073 |-1.73 +3.19 |+4.60
14C5 -.00? | -.0001| -,0003{ -.023 | +.056{ +.110
mzCs +.006 +.002 -.003 -.021 +.054 | +.063
nzCa -.028 ~.009 +.016 +.103 -.067] ~-.070
Damped Motion
04 +0.252 +0.254 |+0.282 |+0.276 | +0.2883 |+0.632
1‘0‘ -.186 -.185 -.183 -.175 +.1611 =-.302
m404 +,0044 | +.0058| +.0070] +.008 +.00; +.017
n,C, +,048 +.04%7 +.049 +.045 +,041| +.077
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Initial Condltion: & = 0.3 rad.
Alrplanes A - | c D B
Osclllation
P, 1.31 1.26 1.26 13.17 11.82
Py .042 .034 0234 . 154 .094
Py .038 . 039 .039 413 .370
Py .028 .023 017 113 .070
®, 163° 161° 160° 149° 142°
@, 153° 156° 163° 170° 213°
L 76° 74° 73° 60° 54°
®, 50° 53° 58° 63° 104°
]
Spiral Motion
Ca -0.373 -0.410 -0.432 -6.89 -7.28
D,C, +.174 +.,178 +.183 +.087 +.130
Damped Motlon
Cs +0,0207 | +0,.016 +0.012 +0.074 +0,040
1.0, -.0156 -.012 -.009 -.052 -.012
m.C, +.00056 | ~'+,0004 | +.,0003 +.0016 | +.0002
n,C, +.0038 | +.0031 | +.002 +.013 +.003
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Initial Condition: &8p = 0.2 rad.
Airplanes 1 2 3 4 b 6
Oscillation
Pg .02 .024 035 . 081 .072 .098
P, .012 .017 . 032 « 131 .218 .305
P, 164° 160° 156° 166° 192° 193°
®g 167° 163° 158° 156° 183° 187°
Py 76° 73° 69° 81° 342° 352°
P, 67° 58° 48° 40° 101° 137°
Spiral Motilon
Ca -0.308 {-0.432 |-0,798 |-1.90 +0.786 | +0.522
n,C, +.186 +.183 +.173 +.113 -.016 -.008
Damped Motlion
Cs +0.012 [+0.012 |+0.016 |+0.010 |+0.014 }|+40.004
m.Cq +.0003| +.0003| +.0003| +.0003| +.0004| +.0001
n.Cgq +.,002 +.003 +.003 +.0016 | +.002 +.060
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Initial Condition: 8&8r = 0,2 rad./sec.
Alrplanes A B c D B
Osclillation
P, 5.62 5.74 65.94 4,066 5.88
Pa .192 .1656 113 .048 « 047
Py 1723 .178 .186 .128 .184
Pe .130 .106 .080 .035 .035
®, 183° 183° 182° 203° 183°
Pa 1730 1779 1856° 224° 3630
Py 960 96° 940 1140 940
Py 70° 730 790 1179 1440
i
Spiral Motion
C, +0.278 +0.239 +0.178 +1.63 +0.42
15C5 +.003 +.0007 -,0008 -.0062 -,0037
m,C, +.028 +.022 +.016 +.08 +,0017
n,C, -.139 -.104 -.070 -.0230 -.007
Damped Motlon
Cq +0.034 | +0.011 | -0.013 -0,065 -0,157
14Cs¢ -.026 w,008 +.010 +,040 +.048
m,C, +.0008 | +.0008 | -.0003 | -.0013 | -.0009
n,C, +.0063 +.,0021 | -,0025 -.010 -.013
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Initial Condition: &r = 0.2 rad./sec.
Alrplanes 1 2 3 4 b 6
Oscillation
P, 4,74 5.94 7.79 [21.28 8.48 9,23
Pe .091 .113 .136 .369 .158 .386
P, .188 .185 | .173 .107 .098 .219
e, .063 .080 .134 .601 .481 | 1.202
@, 181° 182° 184° 207° | @2s51° 229°
Pg 184° 185° 186° 208° 243° 225°
Py 92° 94° 98° 133° 40° 30°
®, 84° 79° 76° 92° 160° 173°
I
Spiral Motlon
Cx +0.084 [(40.178 |+0.584 [+9.93 {+8.02 [+7.18
1.4 -.0013| -,0008| +.00237 | +.137 | +.141 | +.181
maCy +.0011 | +.016 | +.089 | +.122 | +.,136 | +.099
DaCq -.061 | -.070 | -.127 | -.698 | -.167 | -.108
Damped Motion
Ca -0.010 [-0.013 [~0.020 |-0.054 {+0.002 [-0.182
1aCe +.0076 | +.010 | +.013 | +.034 | -,001 | +.104
meCq -.0002 | -.0003 | -.0005 | -.0016| +.0007| -.0061
n,Cq, -.0002| -.0025{ -.0003 | -.0090| +.0004| -.026

v
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Pigure 3.- Longitudinal equilibrium.
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